The computation of molecular Wigner intracules from Hartree-Fock wave functions using Gaussian basis functions is described. The Wigner intracule is a new type of intracule that contains information about both the relative position and momentum of the electrons. Two methods for evaluating the required integrals are presented. The first approach uses quadrature while the second requires summation of an infinite series.
P(u) and M (v) provide a representation of an electron distribution in either position or momentum space but neither alone provides a complete description and it is desirable to have a combined position and momentum description. This new function could potentially play an important role in the study of electron correlation. 55 Recently, 56 we introduced a new phase space intracule called the Wigner intracule, W (u,v) , which is related to the probability of two electrons being a distance u apart and moving with a relative momentum v. The aim of the present paper is to describe the computation of Wigner intracules for molecular systems. First, the Wigner intracule will be described followed by details of an implementation within Q-CHEM.
II. WIGNER INTRACULE
The natural starting point for deriving a combined position and momentum intracule would be a wave function in phase space but, due to Heisenberg's uncertainty principle, such a function does not exist. However, a number of phase space quantum distribution functions have been defined, [57] [58] [59] the best known of which is the Wigner distribution 57, 59, 60 W͑r 1 ,...,r n ;p 1 ,...,p n ͒ ϭ 1 3n ͵ ⌿͑r 1 ϩq 1 ,...,r n ϩq n ; 1 ,..., n ͒ ϫ⌿*͑r 1 Ϫq 1 ,...,r n Ϫq n ; 1 ,..., n ͒ ϫe Ϫ2i(p 1 •q 1 ϩ¯ϩp n •q n ) dq 1¯d q n d 1¯d n , ͑2.1͒
which is a joint probability function for the coordinates r 1 ,...,r n and associated momenta p 1 , . . . ,p n . Springborg and Dahl have reported Wigner distributions for atomic and small molecular systems including H, He, Be, Ne, Ar, Zn, and LiH. [60] [61] [62] These show that typically the Wigner distributions are complicated with positive and negative regions. Since the Wigner distribution is not everywhere positive it is often termed a ''quasiprobability'' distribution function.
We have formally defined 56 
where n ␣ and n ␤ are the number of alpha and beta electrons, respectively, nϭn ␣ ϩn ␤ and a (r) are molecular orbitals. The molecular orbital integrals are defined by
If the molecular orbitals are expanded within a basis set
the Wigner intracule becomes
where P etc. are the usual density matrix elements. More generally for arbitrary wavefunctions W(u,v) can be expressed as
where ⌫ is the two particle density matrix. () W are the eight-dimensional Wigner integrals,
These integrals are analogous 53 to the position and momentum integrals
͑2.13͒
However, whereas position integrals exhibit eightfold permutational symmetry,
the momentum and Wigner integrals possess only fourfold symmetry,
The loss of eightfold permutational symmetry for the integrals required for the computation of nonspherically averaged position intracules, I(u), has been noted by Thakkar et al. 16 Once the integrals have been generated, W(u,v) can be evaluated through the simple contraction ͑2.9͒ with the appropriate HF density matrix elements. The difficulty arises in the evaluation of the Wigner integrals ͑2.11͒ and we now describe two approaches to this.
III. THE †ssss ‡ WIGNER INTEGRAL
In the present work, we are concerned only with the use of Gaussian basis functions. Consequently, integrals involving basis functions of arbitrary angular momentum can be generated through differentiation of the ͓ssss͔ W integral. 63 Given four unnormalized s-functions on centers A, B, C, and D with exponents ␣, ␤, ␥, and ␦, respectively, the ͓ssss͔ W integral is
If we introduce
it is straightforward to show that
and integrating over r and q gives
This integral can be evaluated using an Addition Theorem ͑p.
of Ref. 64͒ yielding
where i n (x) is a modified spherical Bessel function, j n (x) is a spherical Bessel function, and P n (x) is a Legendre polynomial. It can be convenient to rearrange Eq. ͑3.11͒ to give
͑3.12͒
In Eqs. ͑3.11͒ and ͑3.12͒, the ͓ssss͔ W integral is expressed in terms of an infinite series. In the special case that P and Q are collinear, this infinite series can be summed to give
where
͑3.14͒
and erf is the error function. In the noncollinear case, we
have not yet been able to sum the series. However, this is not a major concern in practice because the differentiation 64 of Bessel functions and Legendre polynomials produces only more Bessel functions and Legendre polynomials.
IV. IMPLEMENTATION USING QUADRATURE
One approach to evaluating the Wigner integrals is to adopt the form of ͓ssss͔ W given in Eq. ͑3.10͒ and use the quadrature to approximate the integral over ⍀ u . This is an integral across the surface of a sphere, for which a variety of quadrature schemes are available, for example GaussLegendre and Lebedev. We have chosen the Lebedev quadrature, [65] [66] [67] which exactly integrates all spherical harmonics, Y lm (,), up to a certain degree L. This method of treating the Wigner integrals has been implemented within Q-CHEM for integrals involving s and p basis functions and we have employed grids 68 with as many as 5294 points (L ϭ125). 69 ͒ at different points on the intracule using various grids. These results show that at the point (1,1) convergence to ten significant figures is achieved using a 194-point grid. However, at the points (4,1) and (4, 4) , the largest grid ͑5294-point͒ available gives convergence to nine and eight significant figures, respectively. The source of this problem is the e ϪP"u factor in Eq. ͑3.10͒, which can be rewritten as e Ϫ Pu cos to show its angular dependence. As either P or u becomes large, the integrand can no longer be represented accurately by spherical harmonics of low degree and hence very large grids are required perform the quadrature. Since the integrals that require larger grids can be identified a priori, it is possible to devise a scheme that selects an appropriate grid for each integral. This is currently being explored.
V. IMPLEMENTATION USING SERIES EXPANSION
The large grids required to achieve converged results mean that using quadrature to produce a Wigner intracule W(u,v) at a large number of (u,v) points can be a timeconsuming process. In the approach adopted 28, 53 for evaluating the integrals required to generate P(u) and M (v), expressions for integrals of higher angular momentum were generated using a recursion relation and a set of fundamental integrals. However, the expression for the fundamental Wigner integral Eq. ͑3.11͒ is much more complex than the analogous position or momentum integrals and depends on the coordinates of A, B, C, and D in a number of terms. This results in a much larger set of higher-order fundamental in- tegrals that arise from differentiating i n , j n or P n . Consequently, differentiation of Eq. ͑3.11͒ with respect to the coordinates of A, B, C, or D soon leads to cumbersome expressions. This is illustrated by considering a specific example,
͑5.5͒
Expressions for integrals of higher angular momentum are too long to reproduce here. However, they can be derived by further differentiation of Eq. ͑5.1͒, which gives rise to further fundamental integrals, for example,
Integrals in which P and/or Q are zero can more easily be evaluated through differentiation of Eq. ͑3.11͒ since this form leads to expressions for the integrals of higher angular momentum in which the limits as P and/or Q approach zero are well defined. In these cases the infinite series truncates after at most five terms in the ͓ pppp͔ W instance. Again this is illustrated with a specific example,
͑5.12͒
Evaluation of expressions ͑5.2͒-͑5.7͒ requires accurate determination of j n (x) for arbitrary n and x, and i n (x) for arbitrary n and positive x. To evaluate j n (x) we have followed the procedure described by Jablonski. 70 This scheme uses three separate techniques, a series expansion, ascending recurrence, and descending recurrence, depending on the value of the argument x. Modified spherical Bessel functions are evaluated using a series expansion for xϽ10. For larger x, exp(Ϫx)i n (x) is determined using a procedure described in detail elesewhere. 71 Previous implementations to compute P(u) 28 and M (v) 53 follow Cioslowski 22 and locate the loop over u or v points within the loop over shell-quartets. However, when computing W(u,v) for a system of only moderate size, this arrangement requires large amounts of memory to store all the integrals arising from each (u,v) point. To overcome this, we have implemented an additional scheme in which the u and v loops are outside the shell-quartet loop. Table II shows the values of W(u,v) for ethene. In these calculations, the limits in the series expansion evaluation of i n (x) and j n (x) were set to 70. A similar pattern is observed as when using quadrature. The points (1,1) and (1,4) converge rapidly, while the convergence of the points (4,1) and (4,4) is slower. The origin of this slower convergence is again large Pu for which terms of high n make a significant contribution to the integral. However, even in the case of the (4,4) point, summation of nϭ20 terms suffices to achieve ten significant figures. Investigation of the convergence of other points showed that typically all have converged with n р20. For larger molecules, summation to higher n may be necessary. Figure 1 shows W(u,v) for ethene. In the Wigner intracules presented previously 56 for atomic systems and H 2 , distinct peaks were observed that could be attributed to particular electron-electron interactions. For larger molecular systems, the peaks tend to merge into one. The ethene intracule is dominated by one peak and falls away rapidly in the u direction and more slowly in the v direction.
VI. CONCLUSIONS
In this paper, the computation of molecular Wigner intracules for HF wave functions using Gaussian basis functions has been described. Wigner intracules describe both the relative position and momentum of electrons and can play an important role in the study of electron correlation. 55 No simple closed form expression could be found for the required integrals and two numerical approaches to evaluating the integrals have been described. The first approach employs Lebedev quadrature while the second expresses each integral as an infinite series. These two approaches have been implemented within Q-CHEM for s and p basis functions. Very large quadrature grids are required to achieve converged results, particularly if Pu is large. Evaluating Wigner intracules using the approach based on an infinite series yields results that do converge rapidly. However, the greater simplicity of the quadrature scheme allows it to be extended much more readily to basis functions of higher angular momentum. We are currently exploring the summation of the series to generate a simple closed form expression for the Wigner integrals. 
